The modeling of the transformation and deformation behavior of a shape memory alloy has been investigated by many researchers. However, there are few reports that investigate plastic deformation of shape memory alloys. To design an actual product, the modeling in consideration of plastic deformation is indispensable. In this work, plastic deformation after pre-deformation is investigated using the volume fraction of slip-deformed martensite. New kinetics and constitutive equations are proposed for the reverse transformation process. The material constants in the proposed equations are determined from the results of tensile and heating/cooling tests on Ti-50 at%Ni alloy. The calculated results describe well the deformation and transformation behavior affected by pre-strain.
Introduction
Since the shape memory characteristics depend on stress, strain and temperature, deformation and recovery behavior of the material is very complex. Therefore, it is not so easy to describe the thermomechanical behavior of shape memory alloy using constitutive relations. However, in order to design the articles using shape memory effect and superelasticity, the development of constitutive relations for simulating the recovery strain and stress is indispensable.
The constitutive relations for the uniaxial and multiaxial thermomechanical behavior of shape memory alloys have been investigated. [1] [2] [3] [4] [5] [6] [7] The constitutive relation, which employed Magee's transformation kinetics using volume fraction of martensite as internal variable, has been proposed. It can also describe the stress-strain relationship and the superelastic behavior in a small strain range. 6) In order to apply the shape memory alloys to the elements of actuators and other devices, the plastic deformation and the changes in transformation temperatures caused by deformation in the martensitic state should be taken into consideration.
However, the constitutive relation dealing with the large strain range subjected to slip-deformation has little been reported. So, it is necessary to develop a constitutive relation in consideration of slip-deformation for simulating the true thermomechanical behavior of shape memory alloys.
When the shape memory alloy is loaded, the martensitic phase, which has lower critical stress than that of parent phase, preferentially leads to slip-deformation. The slipdeformed martensites do not transfer to the parent phase even though they are heated up to above reverse transformation finish temperature A f , and remain locally in the parent phase.
Authors have defined the remained fraction of martensitic phase in the parent phase as the volume fraction of slipdeformed martensite , and have clarified that the value of can be used as a criterion of pre-strain induced dislocation. 8, 9) It has also been reported that start and finish temperatures of reverse transformation increase with increasing prestrain. [10] [11] [12] [13] In this work, plastic deformation after pre-deforming is considered using the volume fraction of slip-deformed martensite. Changes in transformation temperatures after pre-deforming are also considered. New transformation kinetics and constitutive relations for the uniaxial thermomechanical behavior of shape memory alloy are proposed.
Constitutive Relation

Stress-strain relation
The tensile stress-strain relationship in the martensitic state of shape memory alloy can be divided into four regions as shown in Fig. 1 . Region I is an elastic deformation region and the stress increases linearly with increasing strain. When the stress reaches to 1 , the yielding occurs and the Fig. 1 Schematic drawing of stress-strain curve of martensitic phase. deformation due to rearrangement of the martensitic variants proceeds. In the variant rearrangement region II, the stress almost does not increase with increasing strain. In region III, the rearrangement of the martensitic variants finishes and the stress increases largely with increasing strain due to the elastic deformation of single variant. Region IV is a strain hardening region.
In this work, the stress-strain relation of shape memory alloy is expressed by the following eq. (1) taking into account of the variation of stress with strain.
In the eq. (1), , " and stand for the stress, strain and temperature, respectively, while represents the volume fraction of martensite. Here, the superimposed dot denotes the time derivative. The stress-strain relations corresponding to region I to IV are expressed by the following equations. When we assume that the thermoelasticity is small, that is, gð _ Þ ¼ 0, eq. (1) is represented by the following eq. (1 0 ).
In region I, the stress increases with increasing strain at a constant rate corresponding to the elastic modulus E M of martensite. Therefore, the stress-strain relation can be expressed by the following eq. (2), where t 1 denotes a transition time to region II.
In region II, the stress almost does not increase with increasing strain due to rearrangement of martensitic variants. When the increment ratio of stress is given by E 0 ð¼ E M þ SÞ, the stress-strain relation is expressed by the following eq. (3).
Region III is an elastic region of single variant after reorientation and the stress increases linearly with increasing strain at a constant elastic modulus E 00 ð¼ E M þ S 0 Þ of single variant. Therefore, the stress-strain relation can be expressed by the following eq. (4), where t 2 denotes a transition time to region III.
Region IV is a strain-hardening region and the stressstrain relation can be expressed by the following eq. (5), where t 3 denotes a transition time to region IV.
Supposing that the elastic relation between stress and strain holds over the entire region during unloading, the relation between the variation of stress Á UL and that of strain Á" UL during unloading is given by the following eq. (6) using elastic modulus E M of martensitic phase.
2.2 Strain-volume fraction of martensite relation during heating under stress-free condition Let us consider that the specimen, which is transformed to the completely martensitic state, is deformed up to a given total strain (pre-strain) and released to allow an elastic springback, and then heated to its completely parent state.
When the pre-strain is applied in the martensitic state, slip deformation occurs in the material. Martensites subjected to slip deformation do not transfer to parent phase even though they are heated up to above reverse transformation finish temperature A f . Consequently, the slip-deformed martensites remain in the parent phase. Therefore, by taking into account of the residual volume fraction of martensite generated by pre-deforming, the true recovery behavior of shape memory alloy can be simulated and the plastic deformation behavior can also be demonstrated.
Furthermore, it has been reported that the elastic strain energy stored during martensitic transformation was concerned with the variations of transformation temperatures. When the stored elastic strain energy is released by slip due to pre-deforming, the reverse transformation temperatures are raised.
In this paper, let us designate the reverse transformation temperatures after pre-deforming by A sf ¼ A s þ ÁA sf and A ff ¼ A f þ ÁA ff , where ÁA sf and ÁA ff are defined as a function of pre-strain. In the process of reverse transformation during heating, material consists of the martensitic phase and the parent phase. Applying a two-phase model consisting of the parent phase and the martensitic phase connected in series to the evaluation of elastic modulus of this material, the apparent elastic modulus E L is given by the following eq. (7).
Where, , E A and E M stand for volume fraction of martensite, elastic modulus of parent phase and that of martensitic phase, respectively. By integrating eq. (1 0 ) from start condition of the reverse transformation (t ¼ t s ) to finish condition (t ¼ t f ), the stressstrain relation during heating under stress-free condition can be expressed by the eq. (8) . Relation between strain and volume fraction of martensite can also be represented by eq. (9).
Where, X f is a material parameter associated with the transformation strain and is defined as a function of pre-strain.
The following extended Magee's equation is applied to the transformation kinetics for the reverse transformation during heating.
Where a f is a material parameter and is defined as a function of pre-strain.
2.3
Relationship between stress and volume fraction of martensite during heating under constrained strain condition Let us consider that the specimen, which is transformed to the completely martensitic state, is deformed up to a given total strain (pre-strain) and released to allow an elastic springback, and then heated up to a given temperature under constrained strain condition.
Since the reverse transformation temperatures also increase with pre-deforming like stress free condition, let us designate the reverse transformation temperatures after predeforming by A sc ¼ A s þ ÁA sc and A fc ¼ A f þ ÁA fc , where ÁA sc and ÁA fc are defined as a function of pre-strain.
The stress-strain relation during heating under constrained strain condition can be obtained by integrating the eq. (1 0 ) as _ " " ¼ 0 from the start condition (t ¼ t s ) of reverse transformation to finish condition (t ¼ t f ), where X c is a material parameter and is defined as a function of pre-strain.
The transformation kinetics for the reverse transformation under constrained strain condition can be expressed by the following eq. (12), where a f is a material parameter and is defined as a function of pre-strain.
Numerical Deformation Behavior Analyses and Discussion
Let us analyze the deformation behavior of shape memory alloy by use of relations obtained in section 2. The material parameters are obtained by experiments. The composition of specimen used is Ti-50 at%Ni, annealed at 1103 K for 60 s after cold drawing. The specimen is a wire with 1.0 mm in diameter and 70 mm in length. The transformation temperatures measured by DSC are listed in Table 1. 3.1 Experimental procedure 3.1.1 Tensile and heating tests under stress-free condition The schematic drawing of stress-strain curve of tensile and heating tests under stress-free condition is shown in Fig. 2(a) . The specimen used was completely transformed to a martensitic state by cooling down to M f À 30 K. It was elongated to a given total strain " Pr (O-A) at a fixed temperature T c (¼ A s À 20 K), and then it was unloaded to stress free (A-B). At point B, the specimen was heated up to above A f (B-C). The amount of recoverable strain Á" R and the reverse transformation temperatures of A sf and A ff after pre-deforming were obtained by the strain-temperature diagram shown in Fig. 2(b) .
Moreover, the specimen was loaded again (C-D) after heating to A f þ 20 K, and then an apparent elastic modulus E L was obtained from the stress-strain curve (C-D). The volume fraction of slip-deformed martensite under stressfree condition was calculated by the following eq. (13).
3.1.2 Tensile and heating tests under constrained strain condition The schematic drawing of stress-strain curve of tensile and heating tests under a constrained strain condition is shown in Fig. 3(a) . The loading and unloading of specimen were similar to those of section 3.1.1. The specimen after unloading was heated up to above A f under constrained strain condition. The restriction of shape recovery allows the generation of recovery stress (B-C). Thereafter, the specimen was unloaded to stress free maintaining a heating temperature (C-D). The reverse transformation start and finish temperatures, A sc and A fc after pre-deforming were obtained by the stress-temperature diagram shown in Fig. 3(b) . The volume fraction of slip-deformed martensite under a constrained strain condition was also calculated by the eq. (13) . Here, the apparent elastic modulus E L was obtained by the stress-strain relation during unloading (C-D) shown in Fig. 3(a) .
Stress-strain relation
The material parameters of specimen in martensitic state were obtained by tensile tests. Each parameter is listed in Table 2 . Figure 4 shows the variation of stress with strain of Ti-50 at%Ni shape memory alloy in the martensitic state. The stress-strain relations obtained by numerical analyses agree well with those of experimental results in the process of both loading and unloading in the martensitic state. The residual strains " p after unloading are calculated by the eq. (6). Figure 5 shows the relationship between the residual strain " p and the pre-strain " Pr . The analyzed results (solid curve) coincide well with experimental results (open circle) and thus demonstrate the variations of " p with " Pr .
Strain-temperature-pre-strain relations during
heating under a stress-free condition Figure 6 shows the variation of the increment of reverse transformation start and finish temperatures, ÁA sf and ÁA ff , with pre-strain " Pr obtained by heating tests under stress free condition. Both reverse transformation temperatures increase Table 2 Material constants of Ti-50 at%Ni alloy.
21.4 À20:6 À14:3 33.2 À0:475 0.0058 0.0697 0.11 Fig. 4 Stress-strain curve of Ti-50 at%Ni alloy. Fig. 5 Relationship between the residual strain " P after unloading and the pre-strain " Pr . 
The parameter X f can be obtained by the eq. (8) and is given by the following eq. (16). Where, the temperature and the volume fraction of martensite are ¼ A ff and ¼ f , respectively. These values obtained by heating tests are used for the calculation of X f . Figure 7 shows the relationship between X f calculated by eq. (16) and the prestrain " Pr . Since X f varies with " Pr , we can also approximate its pre-strain dependence with the following eq. (17). The calculated data points are also subjected to least-squares fitting under the condition of
The parameter a f in eq. (10) can also be obtained by substituting the reverse transformation finish condition, that is, ¼ A ff and ¼ f and is given by the following eq. (18). Figure 8 shows the relationship between the material parameter a f and the pre-strain " Pr . From Fig. 8 , the a f can also approximate as a function of pre-strain " Pr and is given by the following eq. (19). Where the eq. (19) was obtained by least-squares fitting under the condition of A ff ¼ 367:3 K,
The strain-temperature relation during heating can be obtained by substituting the boundary condition of reverse transformation start temperature A sf for eq. (9) and is given by the following eq. (20).
Typical numerical and experimental results of straintemperature relations for pre-strains " Pr of 6 and 12% are shown in Fig. 9 . The numerical results demonstrate well the recovery behavior in wide pre-strain ranges.
From eq. (20), the residual strain " Re after heating can be obtained by the following eq. (21). Figure 10 shows the residual strains obtained by experiments and calculations as a Fig. 7 Relationship between X f and pre-strain " Pr . Fig. 8 Relationship between a f and pre-strain " Pr . 
3.4 Recovery stress-pre-strain relation under constrained strain condition Figure 11 shows the increment of reverse transformation start and finish temperatures ÁA sc and ÁA fc obtained by strain-temperature curves under constrained strain condition. They can also be defined as a function of pre-strain. Following two eqs. (22) and (23) are obtained by leastsquares fitting under the condition of ÁA sc ¼ 5:2 K and ÁA fc ¼ 9:7 K at " Pr ¼ " 1 .
The stress-temperature relation during heating under constrained strain condition can be obtained by integrating the eq. (11) from reverse transformation start temperature A sc to elevated temperature and is given by the following eq. (24). The material parameters X c and a c are obtained by the finish condition of reverse transformation ¼ A fc and ¼ c , and are given by following eqs. (25) and (26).
Figures 12 and 13 show the X c and the a c obtained by Fig. 10 Relationship between " Re and pre-strain " Pr . Fig. 11 Variation of the increase of transformation temperatures ÁA sc , ÁA fc with pre-strain " Pr . Fig. 12 Relationship between X c and pre-strain " Pr . The recovery stresses after heating to reverse transformation finish temperature can be obtained by substituting the value of A fc calculated from eq. (23) for eq. (24). Figure 14 shows the recovery stresses obtained by numerical analyses and experiments as a function of pre-strain. The recovery stress varies with pre-strain and becomes maximum at the pre-strain of 9 to 12%. The numerical result demonstrates well the trend of recovery stress varied with pre-strain.
Conclusion
In this work, new transformation kinetics and constitutive relations, which are employed the volume fraction of slipdeformed martensite, are proposed for the uniaxial thermomechanical behavior of shape memory alloy. In comparison with experimental results of Ti-50 at%Ni shape memory alloy, numerical analyses using the proposed constitutive relations demonstrate well the recovery behavior in plastic deformation region. Furthermore, they also demonstrate well the variation of recovery stress with pre-strain.
